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CHOW GROUPS AND DERIVED CATEGORIES OF K3 SURFACES
DANIEL HUYBRECHTS
Abstrat. The geometry of a K3 surfae (over C or over Q¯) is reeted by its Chow group
and its bounded derived ategory of oherent sheaves in dierent ways. The Chow group
an be innite dimensional over C (Mumford) and is expeted to injet into ohomology over
Q¯ (BlohBeilinson). The derived ategory is diult to desribe expliitly, but its group
of autoequivalenes an be studied by means of the natural representation on ohomology.
Conjeturally (Bridgeland) the kernel of this representation is generated by squares of spherial
twists. The ation of these spherial twists on the Chow ring an be determined expliitly by
relating it to the natural subring introdued by Beauville and Voisin.
1. Introdution
In algebrai geometry a K3 surfae is a smooth projetive surfae X over a xed eld K with
trivial anonial bundle ωX ≃ Ω
2
X and H
1(X,OX ) = 0. For us the eld K will be either a
number eld, the eld of algebrai numbers Q¯ or the omplex number eld C. Non-projetive
K3 surfaes play a entral role in the theory of K3 surfaes and for some of the results that
will be disussed in this text in partiular, but here we will not disuss those more analytial
aspets.
An expliit example of a K3 surfae is provided by the Fermat quarti in P3 given as the zero
set of the polynomial x40 + . . . + x
4
3. Kummer surfaes, i.e. minimal resolutions of the quotient
of abelian surfaes by the sign involution, and ellipti K3 surfaes form other important lasses
of examples. Most of the results and questions that will be mentioned do not loose any of
their interest when onsidered for one of theses lasses of examples or any other partiular K3
surfae.
This text deals with three objets naturally assoiated with any K3 surfae X:
Db(X), CH∗(X) and H∗(X,Z).
If X is dened over C, its singular ohomology H∗(X,Z) is endowed with the intersetion
pairing and a natural Hodge struture. The Chow group CH∗(X) of X, dened over an arbitrary
eld, is a graded ring that enodes muh of the algebrai geometry. The bounded derived ategory
Db(X), a linear triangulated ategory, is a more ompliated invariant and in general diult
to ontrol.
As we will see, all three objets, H∗(X,Z), CH∗(X), and Db(X) are related to eah other.
On the one hand, H˜(X,Z) as the easiest of the three an be used to apture some of the features
of the other two. But on the other hand and maybe a little surprising, one an dedue from the
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more rigid struture of Db(X) as a linear triangulated ategory interesting information about
yles on X, i.e. about some aspets of CH∗(X).
This text is based on my talk at the onferene `Classial algebrai geometry today' at the
MSRI in January 2009 and is meant as a non-tehnial introdution to the standard tehniques
in the area. At the same time it surveys reent developments and presents some new results on
a question on sympletomorphisms that was raised in this talk (see Setion 6). I wish to thank
the organizers for the invitation to a very stimulating onferene.
2. Cohomology of K3 surfaes
The seond singular ohomology of a omplex K3 surfae is endowed with the additional
struture of a weight two Hodge struture and the intersetion pairing. The Global Torelli
theorem shows that it determines the K3 surfae uniquely. We briey reall the main features
of this Hodge struture and of its extension to the Mukai lattie whih governs the derived
ategory of the K3 surfae. For the general theory of omplex K3 surfaes see e.g. [1℄ or [3℄. In
this setion all K3 surfaes are dened over C.
2.1. To any omplex K3 surfae X we an assoiate the singular ohomology H∗(X,Z) (of
the underlying omplex or topologial manifold). Clearly, H0(X,Z) ≃ H4(X,Z) ≃ Z. Hodge
deomposition yields H1(X,C) ≃ H1,0(X) ⊕ H0,1(X) = 0, sine by assumption H0,1(X) ≃
H1(X,OX) = 0, and hene H
1(X,Z) = 0. One an also show H3(X,Z) = 0. Thus, the
only interesting ohomology group is H2(X,Z) whih together with the intersetion pairing
is abstratly isomorphi to the unique even unimodular lattie of signature (3, 19) given by
U⊕3 ⊕ E8(−1)
⊕2
. Here, U is the hyperboli plane and E8(−1) is the standard root lattie E8
hanged by a sign. Thus, the full ohomology H∗(X,Z) endowed with the intersetion pairing
is isomorphi to U⊕4 ⊕ E8(−1)
⊕2
.
For later use we introdue H˜(X,Z), whih denotes H∗(X,Z) with the Mukai paring, i.e. with
a sign hange in the pairing between H0 and H4. Note that as abstrat latties H∗(X,Z) and
H˜(X,Z) are isomorphi.
2.2. The omplex struture of the K3 surfae X indues a weight two Hodge struture on
H2(X,Z) given expliitly by the deomposition H2(X,C) = H2,0(X)⊕H1,1(X)⊕H0,2(X). It is
determined by the omplex line H2,0(X) ⊂ H2(X,C) whih is spanned by a trivializing setion
of ωX and by requiring the deomposition to be orthogonal with respet to the intersetion
pairing. This natural Hodge struture indues at the same time a weight two Hodge struture
on the Mukai lattie H˜(X,Z) by setting H˜2,0(X) = H2,0(X) and requiring (H0⊕H4)(X,C) ⊂
H˜1,1(X).
The Global Torelli theorem and its derived version, due to Piatetski-Shapiro and Shafarevih
resp. Mukai and Orlov, an be stated as follows. For omplex projetive K3 surfaes X and X ′
one has:
i) There exists an isomorphism X ≃ X ′ (over C) if and only if there exists an isometry of
Hodge strutures H2(X,Z) ≃ H2(X ′,Z).
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ii) There exists a C-linear exat equivalene Db(X) ≃ Db(X ′) if and only if there exists an
isometry of Hodge strutures H˜(X,Z) ≃ H˜(X ′,Z).
Note that for purely lattie theoretial reasons the weight two Hodge strutures H˜(X,Z) and
H˜(X ′,Z) are isometri if and only if their transendental parts (see 2.3) are.
2.3. The Hodge index theorem shows that the intersetion pairing on H1,1(X,R) has signature
(1, 19). Thus the one of lasses α with α2 > 0 deomposes into two onneted omponents.
The onneted omponent CX that ontains the Kähler one KX , i.e. the one of all Kähler
lasses, is alled the positive one. Note that for the Mukai lattie H˜(X,Z) the set of real
(1, 1)-lasses of positive square is onneted.
The NéronSeveri group NS(X) is identied with H1,1(X) ∩ H2(X,Z) and its rank is the
Piard number ρ(X). Sine X is projetive, the intersetion form on NS(X)R has signature
(1, ρ(X) − 1). The transendental lattie T (X) is by denition the orthogonal omplement of
NS(X) ⊂ H2(X,Z). Hene, H2(X,Q) = NS(X)Q⊕T (X)Q whih an be read as an orthogonal
deomposition of weight two rational Hodge strutures (but in general not over Z). Note that
T (X)Q annot be deomposed further, it is an irreduible Hodge struture. The ample one is
the intersetion of the Kähler one KX with NS(X)R and is spanned by ample line bundles.
Analogously, one has the extended NéronSeveri group
N˜S(X) := H˜1,1(X) ∩ H˜(X,Z) = NS(X) ⊕ (H0 ⊕H4)(X,Z).
Note that N˜S(X) is simply the lattie of all algebrai lasses. More preisely, N˜S(X) an
be seen as the image of the yle map CH∗(X) //H∗(X,Z) or the set of all Mukai vetors
v(E) = ch(E).
√
td(X) = ch(E).(1, 0, 1) with E ∈ Db(X). Note that the transendental lattie
in H˜(X,Z) oinides with T (X).
2.4. The so-alled (−2)-lasses, i.e. integral (1, 1)-lasses δ with δ2 = −2, play a entral role
in the lassial theory as well as in the modern part related to derived ategories and Chow
groups.
Classially, one onsiders the set ∆X of (−2)-lasses in NS(X). E.g. every smooth rational
urve P1 ≃ C ⊂ X denes by adjuntion a (−2)-lass, hene C is alled a (−2)-urve. Ex-
amples of (−2)-lasses in the extended NéronSeveri lattie N˜S(X) are provided by the Mukai
vetor v(E) of spherial objets E ∈ Db(X) (see 4.2 and 5.1). Note that v(OC ) 6= [C], but
v(OC(−1)) = [C]. For later use we introdue ∆˜X as the set of (−2)-lasses in N˜S(X).
Clearly, an ample or, more generally, a Kähler lass has positive intersetion with all eetive
urves and with (−2)-urves in partiular. Conversely, one knows that every lass α ∈ CX with
(α.C) > 0 for all (−2)-urves is a Kähler lass (f. [1℄).
To any (−2)-lass δ one assoiates the reetion sδ : α

//α+ (α.δ)δ whih is an orthogonal
transformation of the lattie also preserving the Hodge struture. The Weyl group is by deni-
tion the subgroup of the orthogonal group generated by reetions sδ. So one has two groups
WX ⊂ O(H
2(X,Z)) and W˜X ⊂ O(H˜(X,Z)).
The union of hyperplanes
⋃
δ∈∆X
δ⊥ is loally nite in the interior of CX and endows CX with
a hamber struture. The Weyl group WX ats simply transitively on the set of hambers and
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the Kähler one is one of the hambers. The ation of WX on NS(X)R ∩ CX an be studied
analogously. It an also be shown that reetions s[C] with C ⊂ X smooth rational urves
generate WX .
Another part of the Global Torelli theorem omplementing i) in 2.2 says that a non-trivial
automorphism f ∈ Aut(X) ats always non-trivially on H2(X,Z). Moreover, any Hodge iso-
metry of H2(X,Z) preserving the positive one is indued by an automorphism up to the ation
of WX . In fat, Piatetski-Shapiro and Shafarevih also showed that the ation on NS(X) is
essentially enough to determine f . More preisely, one knows that the natural homomorphism
Aut(X) //O(NS(X))/WX
has nite kernel and okernel. Roughly, the kernel is nite beause an automorphism that
leaves invariant a polarization is an isometry of the underlying hyperkähler struture and these
isometries form a ompat group. For the niteness of the okernel note that some high power
of any automorphism f always ats trivially on T (X).
The extended NéronSeveri group plays also the role of a period domain for the spae of
stability onditions on Db(X) (see 4.4). For this onsider the open set P(X) ⊂ N˜S(X)C of
vetors whose real and imaginary parts span a positively oriented positive plane. Then let
P0(X) ⊂ P(X) be the omplement of the union of all odimension two sets δ
⊥
with δ ∈ N˜S(X)
and δ2 = −2 (or, equivalently, δ = v(E) for some spherial objet E ∈ Db(X) as we will explain
later):
P0(X) := P(X) \
⋃
δ∈e∆X
δ⊥.
Sine the signature of the intersetion form on N˜S(X) is (2, ρ(X)), the set P0(X) is onneted.
Its fundamental group π1(P0(X)) is generated by loops around eah δ
⊥
and the one indued
by the natural C∗-ation.
3. Chow ring
We now turn to the seond objet that an naturally be assoiated with any K3 surfae X
dened over an arbitrary eld K, the Chow group CH∗(X). For a separably losed eld like Q¯
or C it is torsion free due to a theorem of Roitman [30℄ and for number elds we will simply
ignore everything that is related to the possible ourrene of torsion. The standard referene
for Chow groups is Fulton's book [9℄. For the interplay between Hodge theory and Chow groups
see e.g. [31℄.
3.1. The Chow group CH∗(X) of a K3 surfae (over K) is the group of yles modulo rational
equivalene. Thus, CH0(X) ≃ Z (generated by [X]) and CH1(X) = Pic(X). The interesting
part is CH2(X) whih behaves dierently for K = Q¯ and K = C. Let us begin with the
following elebrated result of Mumford [27℄.
Theorem 3.1. (Mumford) If K = C, then CH2(X) is innite dimensional.
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(A priori CH2(X) is simply a group, so one needs to explain what it means that CH2(X)
is innite dimensional. A rst very weak version says that dimQCH
2(X)Q = ∞. For a more
geometrial and more preise denition of innite dimensionality see e.g. [31℄.)
For K = Q¯ the situations is expeted to be dierent. The BlohBeilinson onjetures lead
one to the following onjeture for K3 surfaes.
Conjeture 3.2. If K is a number eld or K = Q¯, then CH2(X)Q = Q.
So, if X is a K3 surfae dened over Q¯, then one expets dimQCH
2(X)Q = 1, whereas for
the omplex K3 surfae XC obtained by base hange from X one knows dimQCH
2(XC)Q =∞.
To the best of my knowledge not a single example of a K3 surfae X dened over Q¯ is known
where nite dimensionality of CH2(X)Q ould be veried.
Also note that the Piard group does not hange under base hange from Q¯ to C, i.e. for X
dened over Q¯ one has Pic(X) ≃ Pic(XC) (see 5.3). But over the atual eld of denition of
X, whih is a number eld in this ase, the Piard group an be stritly smaller.
The entral argument in Mumford's proof is that an irreduible omponent of the losed
subset of eetive yles in Xn rationally equivalent to a given yle must be proper, due
to the existene of a non-trivial regular two-form on X, and that a ountable union of those
annot over Xn if the base eld is not ountable. This idea was later formalized and has led
to many more results proving non-triviality of yles under non-vanishing hypotheses on the
non-algebrai part of the ohomology (see e.g. [31℄). There is also a more arithmeti approah
to produe arbitrarily many non-trivial lasses in CH2(X) for a omplex K3 surfae X whih
proeeds via urves over nitely generated eld extensions of Q¯ and embeddings of their funtion
elds into C. See e.g. [13℄.
The degree of a yle indues a homomorphism CH2(X) // Z and its kernel CH2(X)0 is the
group of homologially (or algebraially) trivial lasses. Thus, the BlohBeilinson onjeture
for a K3 surfae X over Q¯ says that CH2(X)0 = 0 or, equivalently, that
CH∗(X) ≃ N˜S(XC)


// H˜(XC,Z).
3.2. The main results presented in my talk were triggered by the paper of Beauville and Voisin
[4℄ on a ertain natural subring of CH∗(X). They show in partiular that for a omplex K3
surfae X there is a natural lass cX ∈ CH
2(X) of degree one with the following properties:
i) cX = [x] for any point x ∈ X ontained in a (singular) rational urve C ⊂ X.
ii) c1(L)
2 ∈ ZcX for any L ∈ Pic(X).
iii) c2(X) = 24cX .
Let us introdue
R(X) := CH0(X) ⊕ CH1(X)⊕ ZcX .
Then ii) shows that R(X) is a subring of CH∗(X). A dierent way of expressing ii) and
iii) together is to say that for any L ∈ Pic(X) the Mukai vetor vCH(L) = ch(L)
√
td(X) is
ontained in R(X) (see 4.1). It will be in this form that the results of Beauville and Voisin an
be generalized in a very natural form to the derived ontext (Theorem 5.1).
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Note that the yle map indues an isomorphism R(X) ≃ N˜S(X) and that for a K3 surfae
X over Q¯ the BlohBeilinson onjeture an be expressed by saying that base hange yields
an isomorphism CH∗(X) ≃ R(XC).
So, the natural ltration CH∗(X)0 ⊂ CH
∗(X) (see also below) with quotient N˜S(X) admits
a split given by R(X). This an be written as CH∗(X) = R(X) ⊕ CH∗(X)0 and seems to be
a speial feature of K3 surfaes and higher-dimensional sympleti varieties. E.g. in [5℄ it was
onjetured that any relation between c1(Li) of line bundles Li on an irreduible sympleti
variety X in H∗(X) also holds in CH∗(X). The onjeture was ompleted to also inorporate
Chern lasses of X and proved for low-dimensional Hilbert shemes of K3 surfaes by Voisin in
[32℄. See also the more reent thesis by Ferretti [8℄ whih deals with double EPW sextis, whih
are speial deformations four-dimensional Hilbert shemes.
3.3. The BlohBeilinson onjetures also predit for smooth projetive varieties X the exis-
tene of a funtorial ltration
0 = F p+1CHp(X) ⊂ F pCHp(X) ⊂ . . . ⊂ F 1CHp(X) ⊂ F 0CHp(X)
whose rst step F 1 is simply the kernel of the yle map. Natural andidates for suh a
ltration were studied e.g. by Green, Griths, Jannsen, Lewis, Murre, and S. Saito (see [12℄
and the referenes therein).
For a surfae X the interesting part of this ltration is 0 ⊂ ker(albX) ⊂ CH
2(X)0 ⊂ CH
2(X).
Here albX : CH
2(X)0 //Alb(X) denotes the Albanese map.
A yle Γ ∈ CH2(X ×X) naturally ats on ohomology and on the Chow group. We write
[Γ]i,0∗ for the indued endomorphism of H
0(X,ΩiX) and [Γ]∗ for the ation on CH
2(X). The
latter respets the natural ltration ker(albX) ⊂ CH
2(X)0 ⊂ CH
2(X) and thus indues an
endomorphism gr[Γ]∗ of the graded objet ker(albX)⊕Alb(X)⊕ Z.
The following is also a onsequene of Bloh's onjeture, see [2℄ or [31, Ch. 11℄, not ompletely
unrelated to Conjeture 3.2.
Conjeture 3.3. [Γ]2,0∗ = 0 if and only if gr[Γ]∗ = 0 on ker(albX).
It is known that this onjeture is implied by the BlohBeilinson onjeture for X × X
when X and Γ are dened over Q¯. But otherwise, very little is known about it. Note that the
analogous statement [Γ]1,0∗ = 0 if and only if gr[Γ]∗ = 0 on Alb(X) holds true by denition of
the Albanese.
For K3 surfaes the Albanese map is trivial and so the BlohBeilinson ltration for K3
surfaes is simply 0 ⊂ ker(albX) = CH
2(X)0 ⊂ CH
2(X). In partiular Conjeture 3.3 for a K3
surfae beomes: [Γ]2,0∗ = 0 if and only if gr[Γ]∗ = 0 on CH
2(X)0. In this form the onjeture
seems out of reah for the time being, but the following speial ase seems more aessible and
we will explain in Setion 6 to what extend derived tehniques an be useful to answer it.
Conjeture 3.4. Let f ∈ Aut(X) be a sympletomorphism of a omplex projetive K3 surfae
X, i.e. f∗ = id on H2,0(X). Then f∗ = id on CH2(X).
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Remark 3.5. Note that the onverse is true: If f ∈ Aut(X) ats as id on CH2(X), then f is a
sympletomorphism. This is reminisent of a onsequene of the Global Torelli theorem whih
for a omplex projetive K3 surfae X states:
• f = id if and only if f∗ = id on the Chow ring(!) CH∗(X).
4. Derived ategory
The Chow group CH∗(X) is the spae of yles divided by rational equivalene. Equivalently,
one ould take the abelian or derived ategory of oherent sheaves on X and pass to the
Grothendiek K-groups. It turns out that onsidering the more rigid struture of a ategory
that lies behind the Chow group an lead to new insight. See [15℄ for a general introdution to
derived ategories and for more referenes to the original literature.
4.1. For a K3 surfae X over a eld K the ategory Coh(X) of oherent sheaves on X is
a K-linear abelian ategory and its bounded derived ategory, denoted Db(X), is a K-linear
triangulated ategory.
If E• is an objet of Db(X), its Mukai vetor v(E•) =
∑
(−1)iv(Ei) =
∑
(−1)iv(Hi(E•)) ∈
N˜S(X) ⊂ H˜(X,Z) is well dened. By abuse of notation, we will write the Mukai vetor as a
map
v : Db(X) // N˜S(X).
Sine the Chern harater of a oherent sheaf and the Todd genus of X exist as lasses in
CH∗(X), the Mukai vetor with values in CH∗(X) an also be dened. This will be written as
vCH : Db(X) //CH∗(X).
(It is a speial feature of K3 surfaes that the Chern harater really is integral.)
Note that CH∗(X) an also be understood as the Grothendiek K-group of the abelian ate-
gory Coh(X) or of the triangulated ategory Db(X), i.e. K(X) ≃ K(Coh(X)) ≃ K(Db(X)) ≃
CH∗(X). (In order to exlude any torsion phenomena we assume here that K is algebraially
losed, i.e. K = C or K = Q¯, or, alternatively, pass to the assoiated Q-vetor spaes.)
Clearly, the lift of a lass in CH∗(X) to an objet in Db(X) is never unique. Of ourse, for
ertain lasses there are natural hoies, e.g. vCH(L) naturally lifts to L whih is a spherial
objet (see below).
4.2. Due to a result of Orlov, every K-linear equivalene Φ : Db(X)
∼
//Db(X ′) between the
derived ategories of two smooth projetive varieties is a FourierMukai transform, i.e. there
exists a unique objet E ∈ Db(X×X ′) suh that Φ is isomorphi to the funtor ΦE = p∗(q
∗( )⊗
E). Here p∗, q
∗
, and ⊗ are derived funtors. It is known that if X is a K3 surfae also X ′ is
one.
It would be very interesting to use Orlov's result to dedue the existene of objets in Db(X×
X ′) that are otherwise diult to desribe. However, we are not aware of any non-trivial
example of a funtor that an be shown to be an equivalene, or even just fully faithful, without
atually desribing it as a FourierMukai transform.
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Here is a list of essentially all known (auto)equivalenes for K3 surfaes:
i) Any isomorphism f : X
∼
//X ′ indues an exat equivalene f∗ : D
b(X)
∼
//Db(X ′) with
FourierMukai kernel the struture sheaf OΓf of the graph Γf ⊂ X ×X
′
of f .
ii) The tensor produt L ⊗ ( ) for a line bundle L ∈ Pic(X) denes an autoequivalene of
Db(X) with FourierMukai kernel ∆∗L.
iii) An objet E ∈ Db(X) is alled spherial if Ext∗(E,E) ≃ H∗(S2,K) as graded vetor
spaes. The spherial twist
TE : D
b(X)
∼
//Db(X)
assoiated with it is the FourierMukai equivalene whose kernel is given as the one of the
trae map E∗⊠E // (E∗⊠E)|∆
∼
//∆∗(E
∗⊗E) //O∆. (For example of spherial objets see
5.1.)
iv) If X ′ is a ne projetive moduli spae of stable sheaves and dim(X ′) = 2, then the
universal family E on X ×X ′ (unique up to a twist with a line bundle on X ′) an be taken as
the kernel of an equivalene Db(X)
∼
//Db(X ′).
4.3. Writing an equivalene as a FourierMukai transform allows one to assoiate diretly to
any autoequivalene Φ : Db(X)
∼
//Db(X) of a omplex K3 surfae X an isomorphism
ΦH : H˜(X,Z)
∼
// H˜(X,Z)
whih in terms of the FourierMukai kernel E is given by α  // p∗(q
∗α.v(E)). As was observed
by Mukai, this isomorphism is dened over Z and not only over Q. Moreover, it preserves the
Mukai pairing and the natural weight two Hodge struture, i.e. it is an integral Hodge isometry
of H˜(X,Z). As above, v(E) denotes the Mukai vetor v(E) = ch(E)
√
td(X×X).
Clearly, the latter makes also sense in CH∗(X ×X) and so one an as well assoiate to the
equivalene Φ a group automorphism
ΦCH : CH∗(X)
∼
//CH∗(X).
The reason why the usual Chern harater is replaed by the Mukai vetor is the Grothendiek
RiemannRoh formula. With this denition of ΦH and ΦCH one nds that ΦH(v(E)) =
v(Φ(E)) and ΦCH(vCH(E)) = vCH(Φ(E)) for all E ∈ Db(X).
Note that ΦH and ΦCH do not preserve, in general, neither the multipliative struture nor
the grading of H˜(X,Z) resp. CH∗(X).
The derived ategory Db(X) is diult to desribe in onrete terms. Its group of autoequiv-
alenes, however, seems more aessible. So let Aut(Db(X)) denote the group of all K-linear
exat equivalenes Φ : Db(X)
∼
//Db(X) up to isomorphism. Then Φ  //ΦH and Φ  //ΦCH
dene the two representations
ρH : Aut(Db(X)) //O(H˜(X,Z)) and ρCH : Aut(Db(X)) //Aut(CH∗(X)).
Here, O(H˜(X,Z)) is the group of all integral Hodge isometries of the weight two Hodge
struture dened on the Mukai lattie H˜(X,Z) and Aut(CH∗(X)) denotes simply the group of
all automorphisms of the additive group CH∗(X).
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Although CH∗(X) is a muh bigger group than H˜(X,Z), at least over K = C, both repre-
sentations arry essentially the same information. More preisely one an prove (see [18℄):
Theorem 4.1. ker(ρH) = ker(ρCH).
In the following we will explain what is known about this kernel and the images of the
representations ρH and ρCH.
4.4. Due to the existene of the many spherial objets in Db(X) and their assoiated spherial
twists, the kernel ker(ρH) = ker(ρCH) has a rather intriguing struture. Let us be a bit more
preise: If E ∈ Db(X) is spherial, then THE is the reetion sδ in the hyperplane orthogonal
to δ := v(E). Hene, the square T 2E is an element in ker(ρ
H) whih is easily shown to be
non-trivial.
Due to the existene of the many spherial objets on any K3 surfae, e.g. all line bundles are
spherial, and the ompliated relations between them, the group generated by all T 2E is a very
interesting objet. In fat, onjeturally ker(ρH) is generated by the T 2E 's and the double shift.
This and the expeted relations between the spherial twists are expressed by the following
onjeture of Bridgeland [6℄.
Conjeture 4.2. ker(ρH) = ker(ρCH) ≃ π1(P0(X)).
For the denition of P0(X) see 2.4. The fundamental group of P0(X) is generated by loops
around eah δ⊥ and the generator of π1(P(X)) ≃ Z. The latter is naturally lifted to the
autoequivalene given by the double shift E  //E[2].
Sine eah (−2)-vetor δ an be written as δ = v(E) for some spherial objet, one an lift
the loop around δ⊥ to T 2E . However, the spherial objet E is by no means unique. Just hoose
any other spherial objet F and onsider T 2F (E) whih has the same Mukai vetor as E. Even
for a Mukai vetor v = (r, ℓ, s) with r > 0 there is in general more than one spherial bundle(!)
E with v(E) = v (see 5.1).
Nevertheless, Bridgeland does onstrut a group homomorphism
π1(P0(X)) // ker(ρ
H) ⊂ Aut(Db(X)).
The injetivity of this map is equivalent to the simply onnetedness of the distinguished om-
ponent Σ(X) ⊂ Stab(X) of stability onditions onsidered by Bridgeland. If Σ(X) is the only
onneted omponent, then the surjetivity would follow.
Note that, although ker(ρH) is by denition not visible on H˜(X,Z) and by Theorem 4.1 also
not on CH∗(X), it still seems to be governed by the Hodge struture of H˜(X,Z). Is this in any
way reminisent of the Bloh onjeture (see 3.3)?
4.5. On the other hand, the image of ρH is well understood whih is (see [17℄):
Theorem 4.3. The image of ρH : Aut(Db(X)) //O(H˜(X,Z)) is the group O+(H˜(X,Z)) of
all Hodge isometries leaving invariant the natural orientation of the spae of positive diretions.
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Reall that the Mukai pairing has signature (4, 20). The lasses Re(σ), Im(σ), 1 − ω2/2, ω,
where 0 6= σ ∈ H2,0(X) and ω ∈ KX an ample lass, span a real subspae V of dimension four
whih is positive denite with respet to the Mukai pairing. Using orthogonal projetion, the
orientations of V and ΦH(V ) an be ompared.
To show that Im(ρH) has at most index two in O(H˜(X,Z)) uses tehniques of Mukai and
Orlov and was observed by Hosono, Lian, Oguiso, Yau [14℄ and Ploog. As it turned out, the
diult part is to prove that the index is exatly two. This was predited by Szendr®i, based on
onsiderations in mirror symmetry, and reently proved in a joint work with Marì and Stellari
[17℄.
Let us now turn to the image of ρCH. The only additional struture the Chow group CH∗(X)
seems to have is the subring R(X) ⊂ CH∗(X) (see 3.2). And indeed, this subring is preserved
under derived equivalenes (see [18℄):
Theorem 4.4. If ρ(X) ≥ 2 and Φ ∈ Aut(Db(X)), then ΦH preserves the subring R(X) ⊂
CH∗(X).
In other words, autoequivalenes (and in fat equivalenes) respet the diret sum deompo-
sition CH∗(X) = R(X) ⊕CH∗(X)0 (see 3.2).
The assumption on the Piard rank should eventually be removed, but as for questions on-
erning potential density of rational points the Piard rank one ase is indeed more ompliated.
Clearly, the ation of ΦCH on R(X) an be ompletely reovered from the ation of ΦH on
N˜S(X). On the other hand, aording to the Bloh onjeture (see 3.3) the ation of ΦCH on
CH∗(X)0 should be governed by the ation of Φ
H
on the transendental part T (X). Note that
for K = Q¯ one expets CH∗(X)0 = 0, so nothing interesting an be expeted in this ase.
However, for K = C well-known arguments show that ΦH 6= id on T (X) implies ΦCH 6= id
on CH∗(X)0 (see [31℄). As usual, it is the onverse that is muh harder to ome by. Let us
nevertheless rephrase the Bloh onjeture one more for this ase.
Conjeture 4.5. Suppose ΦH = id on T (X). Then ΦCH = id on CH∗(X)0.
By Theorem 4.1 one has ΦCH = id under the stronger assumption ΦH = id not only on T (X)
but on all of H˜(X,Z). The speial ase of Φ = f∗ will be disussed in more detail in Setion 6
Note that even if the onjeture an be proved we would still not know how to desribe the
image of ρCH. It seems, CH∗(X) has just not enough struture that ould be used to determine
expliitly whih automorphisms are indued by derived equivalenes.
5. Chern lasses of spherial objets
It has beome lear that spherial objets and the assoiated spherial twists play a entral
role in the desription of Aut(Db(X)). Together with automorphisms of X itself and orthogonal
transformations of H˜ oming from universal families of stable bundles, they determine the ation
of Aut(Db(X)) on H˜(X,Z). The desription of the kernel of ρCH should only involve squares
of spherial twists by Conjeture 4.2.
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5.1. It is time to give more examples of spherial objets.
i) Every line bundle L ∈ Pic(X) is a spherial objet in Db(X) with Mukai vetor v =
(1, ℓ, ℓ2/2 + 1) where ℓ = c1(L). Note that the spherial twist TL has nothing to do with the
equivalene given by the tensor produt with L. Also the relation between TL and e.g. TL2 is
not obvious.
ii) If C ⊂ X is a smooth irreduible rational urve, then all OC(i) are spherial objets with
Mukai vetor v = (0, [C], i + 1). The spherial twist TOC(−1) indues the reetion s[C] on
H˜(X,Z), an element of the Weyl group WX .
iii) Any simple vetor bundle E whih is also rigid, i.e. Ext1(E,E) = 0, is spherial. This
generalizes i). Note that rigid torsion free sheaves are automatially loally free (see [25℄). Let
v = (r, ℓ, s) ∈ N˜S(X) be a (−2)-lass with r > 0 and H be a xed polarization. Then due
to a result of Mukai there exists a unique rigid bundle E with v(E) = v whih is slope stable
with respet to H (see [16℄). However, varying H usually leads to (nitely many) dierent
spherial bundles realizing v. They should be onsidered as non-separated points in the moduli
spae of simple bundles (on deformations of X). This an be made preise by saying that for
two dierent spherial bundles E1 and E2 with v(E1) = v(E2) there always exists a non-trivial
homomorphism E1 //E2.
5.2. The Mukai vetor v(E) of a spherial objet E ∈ Db(X) is an integral (1, 1)-lass of
square −2 and every suh lass an be lifted to a spherial objet. For the Mukai vetors in
CH∗(X) we have the following (see [18℄):
Theorem 5.1. If ρ(X) ≥ 2 and E ∈ Db(X) is spherial, then vCH(E) ∈ R(X).
In partiular, two non-isomorphi spherial bundles realizing the same Mukai vetor in
H˜(X,Z) are also not distinguished by their Mukai vetors in CH∗(X). Again, the result should
hold without the assumption on the Piard group.
This theorem is rst proved for spherial bundles by using Lazarsfeld's tehnique to show
that primitive ample urves on K3 surfaes are BrillNoether general [21℄ and the Bogomolov
Mumford theorem on the existene of rational urves in ample linear systems [23℄ (whih is also
at the ore of [4℄). Then one uses Theorem 4.1 to generalize this to spherial objets realizing
the Mukai vetor of a spherial bundle. For this step one observes that knowing the Mukai
vetor of the FourierMukai kernel of TE in CH
∗(X ×X) allows one to determine vCH(E).
Atually Theorem 5.1 is proved rst and Theorem 4.4 is a onsequene of it, Indeed, if
Φ : Db(X)
∼
//Db(X) is an equivalene, then for a spherial objet E ∈ Db(X) the image Φ(E)
is again spherial. Sine vCH(Φ(E)) = ΦCH(vCH(E)), Theorem 5.1 shows that ΦCH sends Mukai
vetors of spherial objets, in partiular of line bundles, to lasses in R(X). Clearly, R(X) is
generated as a group by the vCH(L) with L ∈ Pic(X) whih then proves Theorem 4.4.
5.3. The true reason behind Theorem 5.1 and in fat behind most of the results in [4℄ is the
general philosophy that every rigid geometri objet on a variety X is already dened over the
smallest algebraially losed eld of denition of X. This is then ombined with the Bloh
Beilinson onjeture whih for X dened over Q¯ predits that R(XC) = CH
∗(X).
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To make this more preise onsider a K3 surfae X over Q¯ and the assoiated omplex K3
surfae XC. An objet E ∈ D
b(XC) is dened over Q¯ if there exists an objet F ∈ D
b(X) suh
that its base-hange to XC is isomorphi to E. We write this as E ≃ FC.
The pull-bak yields an injetion of rings CH∗(X) 

//CH∗(XC) and if E ∈ D
b(XC) is dened
over Q¯ its Mukai vetor vCH(E) is ontained in the image of this map. Now, if we an show that
CH∗(X) = R(XC), then the Mukai vetor of every E ∈ D
b(XC) dened over Q¯ is ontained in
R(XC).
Eventually one observes that spherial objets on XC are dened over Q¯. For line bundles
L ∈ Pic(XC) this is well-known, i.e. Pic(X) ≃ Pic(XC). Indeed, the Piard funtor is dened
over Q¯ (or in fat over the eld of denition of X) and therefore the set of onneted omponents
of the Piard sheme does not hange under base hange. The Piard sheme of a K3 surfae
is zero-dimensional, a onneted omponent onsists of one losed point and, therefore, base
hange identies the set of losed points. For the algebraially losed eld Q¯ the set of losed
points of the Piard sheme of X is the Piard group of X whih thus does not get bigger under
base hange e.g. to C.
For general spherial objets in Db(XC) the proof uses results of Inaba and Lieblih (see e.g.
[19℄) on the representability of the funtor of omplexes (with vanishing negative Ext's) by an
algebrai spae. This is tehnially more involved, but the underlying idea is just the same as
for the ase of line bundles.
6. Automorphisms ating on the Chow ring
We ome bak to the question raised as Conjeture 3.4. So suppose f ∈ Aut(X) is an
automorphism of a omplex projetive K3 surfae X with f∗σ = σ where σ is a trivializing
setion of the anonial bundle ωX . In other words, the Hodge isometry f
∗
of H2(X,Z) (or of
H˜(X,Z)) is the identity on H0,2(X) = H˜0,2(X) or, equivalently, on the transendental lattie
T (X). What an we say about the ation indued by f on CH2(X)? Obviously, the question
makes sense for K3 surfaes dened over other elds, e.g. for Q¯, but C is the most interesting
ase (at least in harateristi zero) and for Q¯ the answer should be without any interest due
to the BlohBeilinson onjeture.
In this setion we will explain that the tehniques of the earlier setions and of [18℄ an be
ombined with results of Kneser on the orthogonal group of latties to prove Conjeture 3.4
under some additional assumptions on the Piard group of X.
6.1. Suppose f ∈ Aut(X) is a non-trivial sympletomorphism, i.e. f∗σ = σ. If f has nite
order n, then n = 2, . . . , 7, or 8. This is a result due to Nikulin [28℄ and follows from the
holomorphi xed point formula (see [26℄). Moreover, in this ase f has only nitely many xed
points, all isolated, and depending on n the number of xed point is 8, 6, 4, 4, 2, 3, resp. 2. The
minimal resolution of the quotient Y // X¯ := X/〈f〉 yields again a K3 surfae Y . Thus, for
sympletomorphisms of nite order Conjeture 3.4 is equivalent to the bijetivity of the natural
map CH2(Y )Q //CH
2(X)Q. Due to a result of Nikulin the ation of a sympletomorphism f of
nite order on H2(X,Z) is as an abstrat lattie automorphism independent of f and depends
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only on the order. For prime order 2, 3, 5, and 7 it was expliitly desribed and studied in
[11, 10℄. E.g. for a sympleti involution the xed part in H2(X,Z) has rank 14. The moduli
spae of K3 surfaes X endowed with with a sympleti involution is of dimension 11 and the
Piard group of the generi member ontains E8(−2) as a primitive sublattie of orank one.
Expliit examples of sympletomorphisms are easy to onstrut. E.g. (x0 : x1 : x2 :
x3)

// (−x0 : −x1 : x2 : x3) denes a sympleti involution on the Fermat quarti X0 ⊂ P
3
.
On an ellipti K3 surfae with two setions one an use brewise addition to produe symple-
tomorphisms.
6.2. The orthogonal group of a unimodular lattie Λ has been investigated in detail by Wall
in [33℄. Subsequently, there have been many attempts to generalize some of his results to non-
unimodular latties. Of ourse, often new tehniques are required in the more general setting
and some of the results do not hold any longer.
The artile of Kneser [20℄ turned out to be partiularly relevant for our purpose. Before we
an state Kneser's result we need to reall a few notions. First, the Witt index of a lattie Λ is
the maximal dimension of an isotropi subspae in ΛR. So, if Λ is non-degenerate of signature
(p, q), then the Witt index is min{p, q}. The p-rank rkp(Λ) of Λ is the maximal rank of a
sublattie Λ′ ⊂ Λ whose disriminant is not divisible by p.
Reall that every orthogonal transformation of the real vetor spae ΛR an be written as a
omposition of reetions. The spinor norm of a reetion with respet to a vetor v ∈ ΛR is
dened as −(v, v)/2 in R∗/R∗2. In partiular, a reetion sδ for a (−2)-lass δ ∈ Λ has trivial
spinor norm. The spinor norm for reetions is extended multipliatively to a homomorphism
O(Λ) // {±1}.
The following is a lassial result due to Kneser, motivated by work of Ebeling, whih does
not seem widely known.
Theorem 6.1. Let Λ be an even non-degenerate lattie of Witt index at least two suh that Λ
represents −2. Suppose rk2(Λ) ≥ 6 and rk3(Λ) ≥ 5. Then every g ∈ SO(Λ) with g = id on
Λ∗/Λ and trivial spinor norm an be written as a omposition of an even number of reetions∏
sδi with (−2)-lasses δi ∈ Λ.
By using that a (−2)-reetion has determinant −1 and trivial spinor norm and disriminant,
Kneser's result an be rephrased as follows: Under the above onditions on Λ the Weyl group
WΛ of Λ is given by
(6.1) WΛ = ker
(
O(Λ) // {±1} ×O(Λ∗/Λ)
)
.
The assumption on rk2 and rk3 an be replaed by assuming that the redution mod 2 resp.
3 are not of a very partiular type. E.g. for p = 2 one has to exlude the ase x¯1x¯2, x¯1x¯2 + x¯
2
3,
and x¯1x¯2 + x¯3x¯4 + x¯
2
5. See [20℄ or details.
6.3. Kneser's result an never be applied to the NéronSeveri lattie NS(X) of a K3 surfae
X, beause its Witt index is one. But the extended NéronSeveri lattie N˜S(X) ≃ NS(X)⊕U
14 D. HUYBRECHTS
has Witt index two. The onditions on rk2 and rk3 for N˜S(X) beome rk2(NS(X)) ≥ 4 and
rk3(NS(X)) ≥ 3. This leads to the main result of this setion.
Theorem 6.2. Suppose rk2(NS(X)) ≥ 4 and rk3(NS(X)) ≥ 3. Then any sympletomorphism
f ∈ Aut(X) ats trivially on CH2(X).
Proof. First note that the disriminant of an orthogonal transformation of a unimodular lattie
is always trivial and that the disriminant groups of NS(X) and T (X) are naturally identied.
Sine a sympletomorphism ats as id on T (X), its disriminant on NS(X) is also trivial. Note
that a (−2)-reetion sδ has also trivial disriminant and spinor norm 1. Its determinant is −1.
Let now δ0 := (1, 0,−1), whih is a lass of square δ
2
0 = 2 (and not −2). So the indued
reetion sδ has spinor norm and determinant both equal to −1. Its disriminant is trivial. To
a sympletomorphism f we assoiate the orthogonal transformation gf as follows. It is f∗ if
the spinor norm of f∗ is 1 and sδ0 ◦ f∗ otherwise. Then gf has trivial spinor norm and trivial
disriminant, By Equation (6.1) this shows gf ∈ W˜X , i.e. f∗ resp. sδ0 ◦ f∗ is of the form
∏
sδi
with (−2)-lasses δi. Writing δi = v(Ei) with spherial Ei allows one to interpret the right hand
side as
∏
THEi .
Clearly, the THEi preserve the orientation of the four positive diretions and so does f∗. But
sδ0 does not, whih proves a posteriori that the spinor norm of f∗ must always be trivial, i.e.
gf = f∗.
Thus, f∗ =
∏
THEi and hene we proved that under the assumptions on NS(X) the ation of the
sympletomorphism f on H˜(X,Z) oinides with the ation of the autoequivalene Φ :=
∏
TEi .
But by Theorem 4.1 their ations then oinide also on CH∗(X). To onlude, use Theorem 5.1
whih shows that the ation of Φ on CH2(X)0 is trivial. 
Remark 6.3. The proof atually shows that the image of the subgroup of those Φ ∈ Aut(Db(X))
ating trivially on T (X) (the `sympleti equivalenes') in O(N˜S(X)) is W˜X , i.e. oinides with
the image of the subgroup spanned by all spherial twists TE .
Unfortunately, Theorem 6.2 does not over the generi ase of sympletomorphisms of nite
order. E.g. the NéronSeveri group of a generi K3 surfae endowed with a sympleti involution
is up to index two isomorphi to Zℓ⊕E8(−2) (see [11℄). Whatever the square of ℓ is, the extended
NéronSeveri lattie N˜S(X) will have rk2 = 2 and indeed its redution mod 2 is of the type
x¯1x¯2 expliitly exluded in Kneser's result and its renement alluded to above.
Example 6.4. By a result of Morrison [24℄ one knows that for Piard rank 19 or 20 the
NéronSeveri group NS(X) ontains E8(−1)
⊕2
and hene the assumptions of Theorem 6.2 are
satised (by far). In partiular, our result applies to the members Xt of the Dwork family∑
x4i + t
∏
xi in P
3
, so in partiular to the Fermat quarti itself. We an onlude that all
sympleti automorphisms of Xt at trivially on CH
2(Xt). For the sympleti automorphisms
given by multipliation with roots of unities this was proved by dierent methods already in [7℄.
To oe bak to the expliit example mentioned before: The involution of the Fermat quarti X0
given by (x0 : x1 : x2 : x3)

// (−x0 : −x1 : x2 : x3) ats trivially on CH
2(X).
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Although K3 surfaes X with a sympletomorphisms f and a NéronSeveri group satisfying
the assumptions of Theorem 6.2 are dense in the moduli spae of all (X, f) without any ondition
on the NéronSeveri group, this is not enough to prove Bloh's onjeture for all (X, f).
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